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I. INTRODUCTION

Fractional calculus includes the derivative and integral of any real order or complex order. In recent years, fractional
calculus has achieved considerable popularity and attention, due to its application in various fields such as elasticity,
mechanics, dynamics, electronics, modelling, physics, mathematical economics, and control theory [1-11]. Fractional
calculus is different from traditional calculus. There is no unique definition of fractional derivative and integral.
Commonly used definitions include Riemann Liouville (R-L) fractional derivative, Caputo fractional derivative,
Grunwald letinikov (G-L) fractional derivative, and Jumarie's modified R-L fractional derivative [4, 12, 23]. On the other
hand, the application of fractional calculus in fractional differential equations can be referred to [13-22].

In this article, we solve the following two types of improper fractional integrals:
(ol§0 ) [E¢(Ax*)®cose (ux)] , 1)
(ol o) [Ea(Ax)®sing (ux)]. 2)

Where 0 <a <1, and A, u are real numbers with A2 + u? # 0. The fractional analytic functions such as fractional
exponential function, fractional sine and cosine functions are discussed. The new multiplication ® of fractional analytic
functions is a natural generalization of ordinary multiplication in calculus. And Jumarie’s modified Riemann-Liouville
fractional derivative is used to study the above two improper fractional integrals.

Il. PRELIMINARIES
At first, we introduce the fractional calculus used in this paper.

Definition 2.1: Suppose that « is a real number, and n is a positive integer. The Jumarie type of modified Riemann-
Liouville fractional derivative [12] is defined as

[ - @r, if @ <0
(DO )] = ﬁdd—xf,;(x —D)f(D) - f(@]ldt f0<a<l1 3)
k ;C_:(xng_n)[f(x)], fn<a<n+1
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where I'(u) = f0°° t*le~tdt is the gamma function defined on u > 0. In addition, we define the a-fractional integral of

F) by (&) [f O] = (1, D) [f ()], where @ > 0. If (,,IF)[f(x)] exists, then f(x) is called an « -fractional
integrable function. We have the following properties [23].

Proposition 2.2: If a, 8, c are real numbers and 8 = a > 0, then

r(B+1) _
ODg[xb’] = mxb’ @ 4)
and
oD¢[c] = 0. )

In the following, we define the fractional analytic function.

Definition 2.3 ([25]): Assume that x, x, and a,, are real numbers, x, € (a,b), and 0 < a < 1. If the function f,: [a, b] -

R can be expressed as an a-fractional power series, that is, f,(x%) = Z?{’:oﬁ

(xg — s,x9 + ), then we say that f,(x%) is a-fractional analytic at x,, where s is the radius of convergence about x,. In
addition, if f,: [a, b] — R is continuous on closed interval [a, b] and is a-fractional analytic at every point in open interval
(a, b), then f, is called an a-fractional analytic function on [a, b].

(xx — x¢)™ on some open interval

Next, some fractional analytic functions are introduced.
Definition 2.4 ([24]): The Mittag-Leffler function is defined as

7k

E.(2) = ¥ieo et D)’ (6)

where « isareal number, o = 0, and z is a complex number.

k,ka
Definition 2.5 ([20]): Let 0 < a <1, and A,x be real numbers. E,(1x%) = Z?:o% is called « -fractional
exponential function and the a-fractional cosine and sine function are defined as follows:

(_1)kﬂ'2kx2k(l

c0s,(Ax%) = Y2, T @

and

. _1)k)2k+1, 2k+Da
sing(Ax®) = Y, ST

, (8)

r(2k+1)a+1)

Remark 2.6: If a« = 1,1 =1, then cos;(x) = cosx, and sin,(x) = sinx.

Notation 2.7: Suppose that z = a + ib is a complex number, where i =+/—1, and a, b are real numbers. Then a, the
real part of z, is denoted as Re(z) ; b, the imaginary part of z, is denoted as Im(z).

Proposition 2.8 (fractional Euler’s formula): Assume that 0 < a < 1, then
E,(ix%) = cosy (x%) + ising (x%) . 9)
Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.9 ([25]): Assume that 0 < @ < 1, f,(x%) and g, (x%) are two a-fractional analytic functions,

fa () = Tio s ¥ (10)
© b
9a(x) = Lo tgein ¥ (11)
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Then we define

fa(x*) @ go ()

N o 1) Ak ka o bk ka
= — X — X
Zk_o I'(ka+1) ® Zk_o I'(ka+1)

_ o 1 k k ka

- Zk:o T(ka+1) (Zm:O (m) ak—mbm) X (12)

Definition 2.10: Let f,(Ax%), g,(Ax%*) be two «a -fractional analytic functions. If f,(1x*) ® g,(Ax*) =1, then
go(Ax®) is called the ® reciprocal of £, (1x%), and is denoted as (fo,(/1x"‘))®_1

Remark 2.11: We note that the @ multiplication satisfies the commutative law and the associate law, and it is a
generalization of ordinary multiplication, since the @ multiplication becomes the traditional multiplication if « = 1.

Proposition 2.12 ([20]): Let 0 < a < 1, and A be a real number, then
E,(Ax*)QE,(—Ax%) = 1. (13)

1. MAJOR RESULTS
The followings are major results in this article.

Theorem 3.1: Let 0 < a < 1, and A, u be real numbers such that A2 + u? # 0.Then

Acosq(ux®)+using (ux®) 2

(o) [Ea(Ax*)®cos, (ux™)] = Eo(Ax™)® yErwE yerwel (14)
and
. Asing (ux®)— a(ux®

(o)Ea (A @sing (ux®)] = B, (ix )@ e tcosaltx) | o (15)
Proof (oI®)[E(Ax®)®cos, (ux®)]
= (ol)[Re[Eo (A + im)x®)]]

= Re [ (oI [E(( + ix ]| - 350

= Re [—E ((A+ip)x” ] T

= Re A= E,(Ax® a E,(Ax“ A

ya A B (Ax ) ®c05, (ux®) + i, Ax)@sing (ux®)] | - yean
Acosg (ux®)+using (ux®) A

= E(Ax®)@ b rometlis — o

On the other hand,
(o8 )[Ea(Ax®)®sing (ux®)]
= (ol¥)[Im[Eo (A + i)x®)]]
= Im [( o) [Ea (@ + ix)]] + 55

— Im [MWE (A + i) x® ]sz

=Im L);erz [E,(Ax*)®cos, (ux*) + iE, (Axa)@)sm"‘(#xa)]] )12+u

Asing (ux®)—pcosq (px®) 2
=E,(A1x* e .
ll( )® 22 +H2 22 +ﬂ2

Q.ed.
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Lemma 3.2: Suppose that 0 < @« < 1and A < 0.Then
lim E,(41x%) = 0. (16)

X—+00

Proof Since E,(Ax*)®E,(—Ax*) = 1, it follows that
lim E,(Ax*)® lim E,(—Ax%) = lim E,(Ax*)QE,(—Ax*) =1. a7
x—+00 xX—+00 xX—+0

By xl_i)erEa (—Ax%*) = oo, we have xgr:lea(Ax“) =0.

Q.ed.

Theorem 3.3: Assume that 0 < @ < 1, and A, u are real numbers with 2 < 0. Then the improper a-fractional integrals
Yl

(ole) [Ea (Ax) @05, (1x)] = = 357 (18)

and

(olfeo) [Ea(Ax ) ®sing (ux)] = 54— (19)

Proof  Since A < 0, using Theorem 3.1 and Lemma 3.2 yields
((olfe0) [Ea(Ax®)®c0s (ux®)]

= 1imx—>+00( OIJICX)[EOC (Ax*)@cosq (ux*)]

e
—__*_
A2+p2
And
(ol%e) [Ec(Ax ™) ®sing (ux®)]
= 1liMy oo ( o) [E (Ax*)@sing (ux®)]
_ xl_i)rgloo (Ea(lx“)® Asin, (uxzz ;ﬁiosa(ﬂxa) " -l"_ #2>
P
A24+pu2
Q.e.d.

IV. CONCLUSION

As mentioned above, the purpose of this paper is to solve two improper fractional integrals. In fact, these two types of
improper fractional integrals are generalizations of improper integrals in classical calculus. The method we used in this
paper is also similar to that in calculus. On the other hand, the new multiplication we defined plays an important role in
this article, and it is a natural operation in fractional calculus. In the future, we will also use Jumarie’s modified R-L
fractional derivative and the new multiplication to study the problems in engineering mathematics and fractional calculus.
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